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Abstract. We consider a class of time-dependent harmonic oscillators, H(ty = p®/2mt™ +

?1%g%/2, whose mass and frequency vary as non-negative powers of time. Classically
they describe damping oscillators slowly decaying as negative powers of time. Using the
connection between classical and quantum harmonic oscillators we find analytically the Lewis—
Riesenfeld invariants, obtain the exact quantum states, and compare these with the Caldirola—
Kanai oscillator,

1. Introduction

The explicitly time-dependent quantum systems as non-stationary systems have been a long-
standing mathematical problem not yvet completely solved in general. The most general and
frequently used method at present is the adiabatic method [1]. However, for explicitly
time-dependent harmonic oscillators Lewis and Riesenfeld (LR) [2-3] have introduced an
important quantum mechanical invariant and found the exact quantum states in terms of
the invariant eigenstates up to some explicitly time-dependent phases. Since then numerous
variants and applications [4-19] of the LR invariant method have been introduced and used.
It still remains a difficult task to solve the nonlinear equation for the parameter entering
the LR invariant equation. As one of the variants, we showed in the previous paper [20]
that there exists a connection between classical and quantum harmonic oscillators based on
the Lie algebra so(2, 1). It is relatively easy to obtain exactly the integrals of the classical
equation of motion for many physically interesting cases compared to the original nonlinear
equation for the LR invariant.

There are also other methods to find the exact quantum states for tlme—dcpcndcnt
harmonic oscillators, one of which is to evaluate directly the evolution operator [21] using
the Lie algebra su(1, 1) that is isomorphic to so(2, 1). Of particular practical use is the
disentangled evolution operator which can be determined by the same integrals of the
classical equation of motion [22]. Using the disentangled evolution operator one is able
to find the exact quantam states in terms of the time-dependent number states of the new
time-dependent number operator, which are the displaced and squeezed states of the initial
states [23,24]. It is also pointed out that the coherent states constrocted from the number
states of the LR invariant are the squeezed states [25].

In this paper, we shall find the LR invariant analytically for a class of time-dependent
harmonic oscillators whose mass and frequency vary as non-negative powers of time. It is
shown that these oscillators describe damping oscillators slowly decaying as negative powers
of time classically, The method that will be used in this paper is the connection between
classical and quantum harmonic oscillators that enable one to express the LR invariant in
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terms of the integrals of classical equations of motion [20]. Using the LR invariant we shall
find the exact quantum states for these oscillators. Finally the connection is applied to the
Caldirola—Kanai oscillator [26, 27], whose LR invariant and quantum states are well known.

2. Classical oscillators

We consider a class of explicitly time-dependent harmonic oscillators of the form

2 2eb 2

J4 mwig

H@) = + 2.
© = 2 2 @1)

whose mass and frequency vary as some non-pegative powers of time. The Hamiltonian
equations of motion yield

i)+ -?é(r) + ot eg() =0 (2.2)

where the dots denote derivatives with respect to ¢. The solutions [28] are

t*Ju(z)
t) = 2.3
g(t) [ N (2) (2.3)
where J, and &, are the Bessel functions, and
- b—
e=p  a=i"%  yo14228 O 2.4)
2 2 ¥l ¥

unless ¥ = 0. For sufficiently large ¢, the solutions have the asymptotic forms ¢(r) =2 ¢~5/2
for y > 0 and g(¢) = ¢! for y < 0. Thus they describe damping oscillators slowly
decaying as some negative powers of time compared with an exponentially decaying
oscillator. -

One can express the momentum and position in terms of initial data by

(p(r)) _ ( Po(t.20)  Pi(t, ) ) (P(fo)) @.5)
g() Ot ) Qolt i) ] \ glto) )
where

Pylt, ty) = —%;z“"[(aiu(z) + y2d (ZDNy(zo) — (@N (2} + vzN, (@) Ju(20) 123

Pi(t,n) = Jir—’m-‘;fl—z“’[(onu(z) + yzJ, (@) eNy(z0)

+ yzoN, (z0)) — (@Nu(2) + vz, (2)) (@] (20) + v 20J, (z0))]25" (2.6)
o, o) = f—yz”uv @(@Nulz0) + ¥ 2N} (@) — No(@)(@do(z0) + v 207, (2o0)lzg”
0.0 = ~2E 2 utan) — MDAl

where primes denote derivatives with respect to z.
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3. The LR invariant

The quanturn harmonic oscillator corresponding to {2.1) obeys the Schrdinger equation (in
units of 2 = 1)

.9 T1p 2@
=¥ = I:mt“ - tmat 3} ¥(g.?) (3.1

where carets denote operators. It is well known that the quantum harmonic oscillator has a
Lie algebra so(2, 1) with a basis [29-31] ) ’

pg+4qp i
Ly ==—. : 32
5 3= (3.2)
Based on the Lie algebra, we find the LR invariant of the form

h2
L,=% Ly=

3
HOEDPFAG) (3.3)
k=1

that should satisfy the invariant equation
d - 3 - on -
GO =710 —ill{®), HO] =0 , (34}
which in component form reads
qa /8@ 2ho(r)  —2h4(2) 0 £1(2)
I (gz(t)) = ( h3(2) 0 —h1(2) ) (gz(t)) . (3.5)
83(?) 0 2h3(1)  —2ha(2}/ \gs(2)

Using the connection between classical and quantum harmonic oscillators [20], one finds
the LR invariant of the form

g1(t) Qi ~201 Qo o3 &1(to)
(820)) = (—Pl Qo PQo+ PiG1 —P0y ) (gz(l‘o) ) . (3.6)
23(t) P? —2P Py p? g3(to)

Equation (3.6) prescribes the evolution of the LR invariant at an arbitrary time in terms of
initial data. We may find exactly the LR invariant without the initial data by imposing a
suitable boundary condition and taking a limiting procedure, which will be done below,

31 Thecasey >0

For sufficiently large ¢, that is, for large z, we have the asymptotic forms
1
a@ =T g =60 (;) 83(1) =P T, 3.7

Substituting the asymptotic forms [28§]

(3.83)
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for large zo, choosing ¢z = B23?m?2¢,, and taking a limit #, zp — 0 in (3.6), we obtain
finally the one-parameter-dependent LR invariant:

—2u+]

21() = L az?[J2(2) + N2(2)]

o2(®) = = TPV 0 [0, + 2T NI (@) + N, (@) + ZNLIN @] (3.9)
2p-k] 2

ga(t) = ﬁ—z”—zmclz-zv[(m(z) + 2@ + (WNuD + 2N @),

By directly substituting (3.9) into (3.5) and using the equation for the Bessel functions
[28], one can show that (3.9) is indeed the LR invariant. The one-parameter-dependent LR
invariant thus obtained is a consequence of the linear equation (3.5). We shall choose the
constant ¢; = 1/m for the sake of convenience, which makes the cosfficient of g1(2) (or
the most dominant term of the kinetic energy) of the LR invariant the same as that of the
harmonic oscillator (3.1).

One also finds the LR invariant in a power series of z, again using the asymptotic forms
for the Bessel functions [28]

(D) = ‘/EZZ(W(B, Z)cosx — Z(v,2)sinx)

, (3.10)
M(@) = yf = (W, sin g + 20, 2605 )
where ¥ =z — (v/2+ D, and
R, %)
W(v,z2) = g( N
0 v, 2k + 1) G1D
N et )
Z(v,2) = g( ) R
where
v,H=1
(@v? — D(4v? — 32 -+ (dv? — (2k — D) (3.12)
(v, k) = Ri2% S
Then, after some algebra, the LR invariant is given by
—2vw-1
810 = 0,9 + 22,2
__Br 1 ’
&) = . V-3 W, 2)+zW v, 2) —2Z(v, 2) | W, 2)
+ {(v - %) Zw D+ 22w, ) +zW (v, z)] Z(v, z)] (3.13)

2
g3() = BTy Pmg 2! [[(v - %) W, ) + W' (v, 2) — 2Z(v, z)]

2
+ [(v — %) ZWw,z)+2zZ'(v,2) + W (v, z)] } .
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Note that the LR invariant will have a finite series expansion only when

2
v = (2”2_ 1) (3.14)

for some positive integer z.

3.2. Thecase of y < O

In this case z — 0 as f — 0, s0 we use the asymptotic forms for the Bessel functions [28]

=/
Ju(z) = )
To+1) (3.15)
N = -2t (5) -
For small z we have the asymptotic forms
g Zap ™ @O =a0E) 0. (3.16)

Then choosing ¢3 = (2ym/ F(u)}z(ﬁ /2)"¢1 and taking a limit 4 — oo, zo — 0, we obtain
the following one-parameter-dependent LR invariant:

g1ty = B ez (2)
82(t) = —yme1 L, (2w (2) + 24,(2)) 3.17
gt} = B2y mPeir ¥ (i (2) + 2T}

In order to have the same coefficient for the most dominant terms of the kinetic energy
of the Hamiltonian and LR invariant as in section 3.1, we choose the integration constant
= [I?(v + 1)/m]1(2/8)*". Then we have the LR invariant of the form

i MU I

g1(t) = m,64" (z)
2ur2
() = _i,(ﬂ—v;ﬂj @@ () + 7)) (3.18)

g3(2) = 22T + Dy mz 2 (I, () + 272

A direct calenlation shows that (3.18) satisfies (3.5).

4. Exact quantum states

It is well known that once the LR invariant is found, the exact quantum states of the
Schrédinger equation in an analytic form follow immediately [2-3]. To construct the Fock
space of the LR invariant, a generalized harmonic oscillator, we canonically transform the
old operators into the new ones:

8207) g .

Prew = P+ =—= (t) Grew = §. 4.1)
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Using the fact that the eigenvalues of the LR invariant are constants of motion, which can
also be shown directly, for example from (3.9), to have

J@®e® - g =w (42)

we introduce the creation and annihilation operators by

i

Drew = \/- (t) —(at(®) - a())
4.3)
%W—J_g“(+m+dm
‘Then the Fock space consists of the number states
I®n, 1) = wla* @al) + Din 1) = wa+ Hin, 1) s
@O =Vatln+1l,0  a@n = Ak —1,1). '
It is obtained in [32] that
aia"'(t) = e()at () + 5()a(t)
! 4.5)
5&(:) = §*(Dat(t) + e*(Da(®)
and
a
( ik r) =e®)(n+1) (4.6)
where
_ @ d (%0
== @ (gl(z))
_ s d (&) _ 1 da(®)
6= 2mm(&w) Tt di @7
The expectation values of the Hamiltonian of harmonic oscillator (3.1) are given by
A _ @+ ZuNh) + g2 s () ( 1
{n,t|H(t)|n, t) = 208, n-- 5)
=h(e)(n+ 3) (4.8)
where
h) = ;}I; hs(t) = ma?®. {4.9)

Then it is known that the exact quantum states of the Schridinger equation (3.1) are

¥n(g, 1) = exp (—if(h(f) —le(in+ %)) |2, 2) (4.10)

and in coordinate representation

1 © 1
nlg, t)} = . -1 f7) -] -
Yn(g, 1} 2ﬂn!ﬁ‘xg|(t) cxp[ lf( {t) —ie(®)) (n-l— 2)]
2 2 [
X exp ( P (t)q ) H, ( e q) . (4.11)
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5. Comparison with the Caldirola—Kanai oscillator

The Caldirola-Kanai oscillator [27,28] which has an exponentially increasing mass and

frequency has been studied through various methods [33-38) and is one of the most typical

time-dependent quantum systems whose exact quantum states and LR invariant are known.
The Caldirola—Kanai oscillator

P2 mmle?_utq?_

, H() = it + 5 .1

whose eguation of motion is
() +ag() +w’q(®) =0 (5.2)
describes a damping harmonic oscillator. The solutions are

20 = { e~ cos S 53)

e~ 5in 2t
where

Q=vel-—ad. 5.4

Here we shall consider the case of weak damping (w > a) only, but the result below can
be easily extended to the other case. The momentum and position are determined by (2.5)
as

1
Polt, to) = -Sie"f'-m)[sz cos 2(t — to) — asinQ(f — 15)]

2
e .
Pt tg) = —?c“(‘“”) sin€2(t — tp)

. (5.5)
Qolt, 1) = ﬁe"‘(‘"“’) [2cos§2(¢ — tg) + a sin Q{z — )]
Qi(t, tg) = Lt‘,_'ﬁ(r-'-r") sin (¢ — 1p).
ms2
For suff-icientl-y large ¢, we have the asymptotic forms for the LR invariant
g Zee™  p)Ze  ga(t) =, (5.6)
Setting ¢, = mac; and ¢3 = m*w?c;, we obtain the one-parameter LR invariant
21(t) = cre™ g2(t) = mac g3(t) = mPetc ™™, (5.7
Choosing the constant ¢; = 1/m, the LR invariant then has the form
1
g1l8) = — flt)=a g3(t) = mw?e®. (5.8)
Note that the LR invariant can now be rewritten as [33]
o ey o o PO D
Ity=H®) +a———. (5.9)

2
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‘We find the frequency of the LR invariant as

Jaes) - gty = (5.10)
and
2 2
et) = —%i B = % (5.11)

Therefore, from (4.10) we obtain the exact eigenfunctions for the Caldirofa~Kanai oscillator

[ me {1 Qetat
Ynlg, ) = 2”:]:_'—\/1? exp { [ar - i2 (n + E) t— ™ 26 qz]} H, («/mﬂc‘"q) (5.12)

where H, are the Hermite polynomials. Note that the exact eigenfunctions differ from those
in (33] by some trivial factors.

6. Conclusion

In this paper we found the LR invariant analytically for a class of time-dependent harmonic
oscillators (2.1) which have time-dependent mass and frequency as some non-negative
powers of time. Depending on the power laws of time we obtained the one-parameter-
dependent LR invariants (3.9}, (3.17) and (A8). With a choice of the parameter that makes
the kinetic energy term of the LR invariant approach that of the Hamiltonian for sufficiently
Jarge times, the LR invariant took the forms (3.13) and (3.18). In particular, the LR invariant
has a finite series expansion if the condition (3.14) is satisfied. In the asymptotic region
of sufficiently large times it is observed that the most dominant terms of the LR invariant
when expanded asymptotically constitute the Hamiltonian itself, and that the asymptotic
region is the adiabatic region for the superadiabatic expansion [39]. If is also found that the
power law time-dependent harmonic oscillators have all the features of the Caldirola—Kanai
oscillator as non-stationary dissipative quantum systems except that now the power law
dependence has replaced the exponential dependence.

One may construct the coherent states for the time-dependent oscillator (3.1) out of
the number states (4.10} of the LR invariant according to [8]. It is pointed out that these
coherent states at a late time are simply the displaced and squeezed states of an early state
[25]. This can be understood fram the fact that the creation and anaihilation operators (4.3)
of the LR invariant depend explicitly on time so that the vacuum at the early time evolves
into the squeezed vacuum at the late time [40]. One may also evaluate the disentangled
evolution operator according to [24] using the integrals of the classical equation of motion
(2.3), express the evolution operator as the product of the squeezing and Weyl displacement
operators, and show that the exact quantum states are the displaced and squeezed states.
This evolution operator method differs from the LR invariant method used in this paper in
many respects.
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Appendix. The case v =0

The case ¥ = 0 occurs when @ = & + 2. The equation of motion now becomes
2

. a, w
gy + ?q(t) + t—zq(t) = 0. (A1)
There are power law solutions
t(!_
PIOE {;««» (A2)

where

—(q — Ma — 112 — deo>
= fa— D=L [éa 1)? — 47] (A3)

unless a = 1 4= 2w, We shall restrict ourselves below to the special case of a > 1 4 2w,
The momentum and position can be expressed as

pEYN _  Polt, o) Pit, fp) Pt
(q\t)) = (Ql(fa 10) Qo(r,to)> (q(to)) , Aad)

where
I
Po(t, tp) = E-o—[(m,r“*rg‘,- a_t* 157}
2
Pi(t, 1) = ——"XZ Al L N0
) (A5)
Qolt, to) = —E‘(a'—fa”o_ — oyt
1 &g g o Ot
O1(t, 1) = m(f h —1%%")
where
Ag =0y —a_. (A6)
After some trial and error we are able to find the asymptotic forms
gl Zany”  pl) ot a) =g A7)

Substituting (A7) into (3.6), taking a limit f — oo, and choosing ¢z = (moy/2)ci,
3 = mzaicl, we find the one-parameter-dependent LR invariant without the initial data:

01 =3 (32 e

2.
g2(t) = -3 Tg:;: et~ (A8)
mew?\?
g3ty =3 (E) Clt_za"‘.

By directly putting (A8) into (3.5) we show that (A8) indeed satisfies the LR invariant
equation,
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